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By a generalization of the Hopfield model, we construct a microscopic Lagrangian describing a
dielectric medium with dispersion and dissipation. This facilitates a well-defined and unambiguous
ab initio treatment of quantum electrodynamics in such media, even in time-dependent backgrounds.
As an example, we calculate the number of photons created by switching on and off dissipation in
dependence on the temporal switching function. This effect may be stronger than quantum radiation
produced by variations of the refractive index ∆n(t) since the latter are typically very small and
yield photon numbers of order (∆n)2. As another difference, we find that the partner particles of
the created medium photons are not other medium photons but excitations of the environment field
causing the dissipation (which is switched on and off).
I. INTRODUCTION
One of the most striking consequences of quantum field
theory is the non-trivial nature of the vacuum or ground
state. Even in this lowest-energy state, fields do not van-
ish identically, but are permanently fluctuating. These
quantum vacuum fluctuations cause many well-known ef-
fects such as spontaneous emission [1], the Casimir ef-
fect [2], or the Lamb shift [3, 4]. Another fascinating
consequence is the phenomenon of quantum radiation,
where these fluctuations are converted into real particles
by suitable external conditions, which would have no ef-
fect on the classical vacuum (with all fields vanishing
identically). Examples include Hawking radiation [5, 6],
the dynamical Casimir effect [7], and cosmological par-
ticle creation [8, 9]; but also time (or even space-time)
dependent variations of the refractive index in dielectric
media (or waveguides), where the latter can display in-
teresting analogies [10–12] to the former ones, see also
Refs. [13–27], [28–31] and [32–34], respectively.
In a notably simplified approach, aspects of quantum
radiation can be studied by neglecting medium proper-
ties such as dispersion and dissipation. Going beyond
this simple picture, there has been considerable work re-
garding the effects of dispersion, see, e.g., [21–25, 27, 35].
However, in the vast majority of publications, quantum
radiation has been considered in absence of dissipation,
with a few exceptions including [36–38]. One of the main
reasons lies in the intrinsic difficulty of treating dissipa-
tion correctly, especially regarding quantum fluctuations
under non-trivial external conditions.
There are basically two main approaches for adding
dissipation to the well-established theory of non-
dissipative dielectrics discussed in, e.g., [39–41]. In a
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top-down approach, one starts with the phenomenolog-
ical properties of a given medium such as the complex
dielectric permittivity ε(ω) and then constructs the cor-
responding quantum field operators by demanding con-
sistency conditions, see, e.g., [42–45]. The alternative
bottom-up approach, on the other hand, is based on mi-
croscopic models, which allow for deriving the associated
medium properties such as ε(ω). For simple cases, such as
stationary and homogeneous media, it is possible to show
the equivalence of these two approaches via the Huttner-
Barnett formalism [46–48] based on an exact Fano diago-
nalization [49–51]. However, extending this formalism to
more general cases such as temporally and possibly even
spatio-temporally varying media is quite involved. Thus,
even though the phenomenological approach has the ob-
vious advantage to account for media with very general
ε(ω), it has the drawback of potential ambiguities, espe-
cially in time-dependent scenarios.
A related issue is the explicit calculation of observables
(e.g., the number of created photons) which typically re-
quires certain approximations. In order to describe dis-
sipative media, several microscopic approaches employ a
Markov-type approximation (e.g., in Weisskopf-Wigner
theory) which neglects the memory of the environment,
see also [52]. Especially in time-dependent scenarios, the
justification and applicability of such an approximation
must be scrutinized in order to avoid inconsistencies.
In the following, we propose and study an explicit mi-
croscopic model (bottom-up approach) for a 1+1 dimen-
sional dielectric medium including dispersion and dissi-
pation, which does not require any Markov-type approx-
imations and has well defined in and out states. The
goal is an ab inito treatment of quantum radiation with-
out ambiguities and additional assumptions. Using this
approach, we study quantum radiation emerging from
time-dependent variations (switching on and off) in the
coupling between a medium and its environment, see also
[53–56].
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2II. THE MODEL
We consider the following Lagrangian
L = LA + LΨ + LAΨ + LΦ + LΨΦ , (1)
where LA describes the electromagnetic vector potential
A(t, x) in 1+1 dimensions (~ = c = 1)
LA =
1
2
∫
dx
{
[∂tA(t, x)]
2 − [∂xA(t, x)]2
}
. (2)
As usual in the Hopfield model, the polarization of
the medium is included by adding harmonic oscillators
Ψ(t, x) with resonance frequency Ω > 0 to all points x of
the dielectric
LΨ =
1
2
∫
dx
{
[∂tΨ(t, x)]
2 − Ω2Ψ2(t, x)
}
, (3)
and coupling them to the electric field E = −∂tA via
LAΨ = −g
∫
dxΨ(t, x)∂tA(t, x) , (4)
with the coupling strength g.
The above terms LA + LΨ + LAΨ represent the usual
Hopfield model [24, 39–41]. In order to include dissipa-
tion, we introduce an additional field Φ(t, x, y) which can
exchange energy with the medium and propagates in a
perpendicular (y) direction
LΦ =
1
2
∫
dx dy
{
[∂tΦ(t, x, y)]
2 − [∂yΦ(t, x, y)]2
}
. (5)
This field is coupled to the medium Ψ(t, x) in the same
way as the electromagnetic field A(t, x), but with a cou-
pling strength G
LΨΦ = −G
∫
dxΨ(t, x)∂tΦ(t, x, y = 0) , (6)
where we assume the medium to be located along the
y = 0 line.
In principle, this model holds for media with general
time-dependent parameters Ω, g and G, and can even be
generalized to fully space-time dependent settings.
III. EQUATIONS OF MOTION
In order to show that the above model (1) does indeed
feature the dynamics expected for a dissipative medium,
let us study the associated Euler-Lagrange equations.
For the electromagnetic field A(t, x), we obtain the same
form as in the usual Hopfield model[
∂2t − ∂2x
]
A(t, x) = ∂t [gΨ(t, x)] , (7)
but the medium field Ψ(t, x) acquires an additional term[
∂2t + Ω
2
]
Ψ(t, x) = −g∂tA(t, x)−G∂tΦ(t, x, 0) . (8)
Finally, the environment field Φ(t, x, y) evolves according
to [
∂2t − ∂2y
]
Φ(t, x, y) = ∂t [GΨ(t, x)] δ(y) , (9)
where we have written all equations is such a way that
they equally hold for time-dependent Ω(t), g(t) and G(t).
A. Dispersion relation
Considering constant parameters (Ω, g and G) for the
moment, we may solve Eq. (9) via the retarded Green’s
function and arrive at
Φ(t, x, y) = Φ0(t, x, y) +
G
2
Ψ(t− |y|, x) , (10)
where Φ0(t, x, y) denotes the homogeneous solution of
Eq. (9), i.e., of
[
∂2t − ∂2y
]
Φ0(t, x, y) = 0. Since we have
used the retarded Green’s function (with the retarded
time argument t− |y|), this solution Φ0(t, x, y) describes
the environment field originating from I− (i.e., t→ −∞
and y → ±∞) before interacting with the medium at
y = 0.
Inserting this solution back into Eq. (8), we get a
driven and damped oscillator at each position x[
∂2t +
G2
2
∂t + Ω
2
]
Ψ(t, x) = −G∂tΦ0(t, x, y = 0)
−g∂tA(t, x) , (11)
where we can read off the damping factor Γ = G2/4 of
the medium. By finally combining Eqs. (7) and (11), we
find (for constant Ω, g and G)[(
∂2t +
G2
2
∂t + Ω
2
)(
∂2t − ∂2x
)
+ g2∂2t
]
A(t, x) =
−gG∂2t Φ0(t, x, y = 0) . (12)
The environment field on the right-hand side constitutes
the classical counterpart of the quantum noise term re-
quired by the fluctuation-dissipation theorem while the
differential operator on the left-hand side yields the dis-
persion relation
k2 = ω2
(
1 +
g2
Ω2 − iωG2/2− ω2
)
= ω2ε(ω) , (13)
which turns into a standard textbook expression (see,
e.g., Sec. 11.3 of Ref. [57]) for dissipative dielectric media
after some minor rescaling of system parameters.
From the corresponding dielectric permittivity ε(ω) il-
lustrated in Fig. 1, we obtain the effective refractive index
n =
√
1 + g2/Ω2 for small photon frequencies ω. The
imaginary part
=[ε(ω)] = 2Γ n
2 − 1
Ω2
ω +O(ω2) (14)
is closely linked to the damping exponent of solutions
A(t, x) ∝ exp
{
iω
√
ε(ω)x− iωt
}
(15)
3which oscillate at frequencies ω > 0 where
=
{√
ε(ω)
}
= Γ
n2 − 1
nΩ2
ω +O (w2) . (16)
Note that this quantity is related to but not identical
with the intrinsic damping Γ = G2/4 of the oscillators
Ψ(t, x).
Ω 2Ω 3Ω
−6
−3
1
1+g 2/Ω2
6
9
12
15
ω
ℜ[ε(ω)]
ℑ[ε(ω)]
FIG. 1. Real and imaginary parts of the dielectric permittiv-
ity ε(ω) for exemplary parameters g = 3Ω/2 and G =
√
Ω/2,
i.e., in the underdamped regime of G2 < 4Ω.
IV. QUANTIZATION
As an advantage of our microscopic model (1), we may
now derive the corresponding quantum field operators Aˆ,
Ψˆ, and Φˆ in an unambiguous manner which consistently
takes the quantum fluctuations of all fields into account.
The origin of those fluctuations depends on the time-
dependence of the coupling parameters g(t) and G(t).
If both adopt finite values for a sufficiently long time,
extending far into the past, all quantum fluctuations can
ultimately be traced back to vacuum fluctuations of the
environment field Φˆ0. However, if that field is initially
decoupled from the remaining ones Aˆ and Ψˆ (the case
we shall consider later), the Aˆ and Ψˆ fields will bring in
their own initial quantum fluctuations. Then, if G(t) is
switched on, all these fluctuations become mixed – which
gives rise to particle creation.
A. Environment Field Φ0
Let us first consider the impact of the environment
field. In the general case of time-dependent parameters
Ω(t), g(t) and G(t), the equations of motion (7), (8) and
(9) can be decoupled analogous to the scenario of a static
medium. For example, the solution of Eq. (9) for time-
dependent G(t) has the same form as in Eq. (10) but with
the modified argument G(t− |y|). Inserting this solution
back into Eqs. (7) and (8), we may decouple these two
second-order equations into one fourth-order equation for
the medium field{[
∂2t − ∂2x
] 1
g
[
∂2t +
1
2
G∂tG+ Ω
2
]
+ ∂2t g
}
Ψˆ(t, x) =
− [∂2t − ∂2x] Gg ∂tΦˆ0(t, x, y = 0) ,(17)
where we have omitted the arguments t of all system
parameters Ω, g and G to enhance readability. After
solving Eq. (17), the corresponding electromagnetic field
Aˆ(t, x) can finally be obtained via integration of Eq. (8).
If the initial G(t → −∞) is non-vanishing, the ho-
mogeneous solutions of the above equation decay with
time and thus only the inhomogeneous solution stemming
from the source term on the right-hand side survives. In
other words, the initial quantum fluctuations of the fields
Aˆ and Ψˆ are transferred (i.e., lost) to the environment
and all the remaining quantum fluctuations stem from
the primordial fluctuations of Φˆ0.
As explained above, this homogeneous solution
Φˆ0(t, x, y) constitutes a free scalar field in two spatial
dimensions, albeit with a non-isotropic dispersion rela-
tion ω = |ky| as it propagates in y direction only. Thus,
it can be quantized in the usual manner
Φˆ0(t, r) =
∫
d2k
2pi
bˆk exp{ik · r − i|ky|t}√
2|ky|
+ h.c. (18)
with standard bosonic creation and annihilation opera-
tors bˆ†k and bˆk satisfying [bˆk , bˆ
†
k′ ] = δ
2(k − k′). They
correspond to the initial vacuum state |0〉in of the en-
vironment field (incoming from I−) with bˆk |0〉in = 0.
In the following, we will use the notation ky → κ and
kx → k for reasons of convenience.
B. Decoupled Case
As pointed out at the beginning of this section, the
situation is different for an initially non-dissipative (al-
beit still dispersive) medium. In this case, the coupled
A-Ψ system is decoupled from the Φ field and thus both
start to evolve from their independent vacuum states.
For G = 0 and non-vanishing, constant Ω and g, we have
the usual Hopfield Hamiltonian HˆH which can be diago-
nalized [40] via
:HˆH : =
∑
±
∫
dk ω±(k)aˆ
†
±(k)aˆ±(k) , (19)
with aˆ†±(k) and aˆ±(k) denoting the creation and annihi-
lation operators of the two bands
ω±(k) =
√
(k2 + Ω2 + g2)± ρ(k)
2
, (20)
where we have used the abbreviations
ρ(k) =
√
4k2g2 + σ2(k) (21)
4and
σ(k) = k2 − g2 − Ω2 . (22)
As illustrated in Fig. 2, the lower band ω−(k) behaves as
|k|/n for small k, while the upper band ω+(k) tends to a
constant value
√
Ω2 + g2 = nΩ. For large k, on the other
hand, the lower band ω−(k) approaches the medium res-
onance frequency Ω while the upper band reaches the
vacuum light cone |k|. In contrast to the lower band
accounting for massless photons at small wave numbers
k, the upper band resembles the dispersion relation for
a relativistic massive field. Note also the band gap of
width (n− 1)Ω between the two bands.
Ω
√
Ω2+g2
∼ |k |
∼ |k |/n
−3Ω −2Ω −Ω 0 Ω 2Ω 3Ω k
ω±(k)
ω+(k)
ω−(k)
FIG. 2. Plot of the dispersion relation ω±(k) in Eq. (20) with
exemplary parameters g/Ω = 5/6.
V. PARTICLE CREATION
Based on the model established above, one may study
various quantum effects in and out of equilibrium. Since
providing an ab initio treatment of time-dependent dis-
sipative media is one of the major benefits our approach
offers compared to existing models, we will henceforth
focus on non-equilibrium phenomena. In principle, one
could consider time-dependent parameters Ω(t), g(t), or
G(t); or a combination of them. In order to illustrate
the novel features of our model (in comparison to non-
dissipative Hopfield dielectrics), let us consider a sce-
nario where we switch on and off dissipation by a time-
dependent G(t) with G(t → ±∞) = 0 while the other
two parameters Ω and g are kept constant.
Even for constant Ω and g, solving the decoupled field
equation (17) is quite involved for general profiles G(t),
which makes it hard to reach progress analytically. A
major difficulty arises from the interplay of excitation
and dissipation, i.e., particles are already damped while
they are created. In order to focus on the phenomenon
of particle creation (and to separate it from the compet-
ing damping effect), we assume that the coupling G(t) is
switched on for a sufficiently short time and to a maxi-
mum value which is not too large, such that the damping
during this switching time can be neglected in a first ap-
proximation.
A. Perturbation Theory
Formally, the approximation described above can be
implemented via perturbation theory based on a power
expansion in G. As one option, this can be formulated
in the framework of time-dependent perturbation theory
with the perturbation Hamiltonian HˆΨΦ stemming from
the Lagrangian LΨΦ given in Eq. (6), while the remain-
ing contributions LA+LΨ +LAΨ +LΦ correspond to the
undisturbed Hˆ0 problem. As another option, we may
approximate the equations of motion for the field oper-
ators by omitting all terms of order O(G2). Decoupling
the original problems (7), (8) and (9) for time-dependent
G(t) in this way yields the simplified expression
[(
∂2t + Ω
2
) (
∂2t − ∂2x
)
+ g2∂2t
]
Aˆ(t, x) =
−g∂tG(t)∂tΦˆ0(t, x, y = 0) +O(G2) , (23)
see also Eq. (12). After inserting the inhomogeneity (18),
comparing the initial Aˆin(t, x) and final Aˆout(t, x) solu-
tions (both expressed in terms of the creation and an-
nihilation operators introduced in Sec. IV B) yields the
Bogoliubov transformation (to first order in G)
aˆout± (k) = aˆ
in
±(k) +
∫
dκ
(
α±kκbˆkκ + β
±
kκbˆ
†
−kκ
)
. (24)
The Bogoliubov coefficients α±kκ and β
±
kκ connecting the
initial aˆin±(k) and final aˆ
out
± (k) annihilation operators (i.e.,
before and after switching on an off dissipation) with
the initial environment operators bˆkκ and bˆ
†
kκ are pro-
portional to the Fourier transform G˜(ω) of the switching
function G(t), evaluated at ω±(k)− |κ| and ω±(k) + |κ|,
respectively, plus O(G2) corrections.
To lowest order in G, the number (density) of particles
created per unit length is given by
〈nˆout± (k)〉in =
∫
dκ
∣∣β±kκ∣∣2 = ρ(k)∓ σ(k)8ρ(k)ω±(k)
∫
dκ |κ| ×
×
∣∣∣G˜ (ω±(k) + |κ|)∣∣∣2 . (25)
Assuming that the characteristic rate of change in the
switching function G(t) is much slower than the medium
frequency Ω, the number 〈nˆout+ (k)〉in of particles in the
upper band ω+(k) is exponentially suppressed due to
ω+(k) ≥
√
Ω2 + g2. For the same reason, we may ap-
proximate the lower band according to ω−(k) ≈ |k|/n
[58].
5B. Lorentzian Profile
A particularly simple expression can be obtained for a
switching function in the form of a Lorentz pulse
G(t) = G0
τ2
τ2 + t2
, (26)
with the characteristic switching time τ > 0. In this
case, the Fourier transform is just an exponential func-
tion G˜(ω) = G0τ
√
pi/2 exp{−τ |ω|} and the total number
of created particles N per length ` reads
N
`
≈ 1
32
g2√
Ω2 + g2
G20
Ω3τ2
=
Γ0
(Ωτ)2
n2 − 1
8n
. (27)
Since we have assumed a slow switching function, i.e.,
Ωτ  1, a significant number N of photons can only
be created by switching the dissipation in a region of
sufficiently large optical path length n`. Even though
the above result was obtained for the specific switching
function (26), the qualitative scaling behavior should be
the same for other (reasonable) profiles G(t).
Let us compare the above number to the well-known
case of changing the refractive index n(t) by a small
amount ∆n  1 in absence of dissipation, see, e.g.,
[20, 33–35]. For a Lorentzian perturbation ∆n(t) anal-
ogous to Eq. (26), the number of particles N per unit
length ` reads
N
`
=
pi
16
(∆n)2
nτ
. (28)
In non-linear dielectric media, refractive index perturba-
tions ∆n(t) of order O(10−3) can be generated by strong
laser pulses and the Kerr effect [18, 59]. Slightly stronger
perturbations ∆n(t) of orderO(10−2) have been reported
for tunable meta-materials [31]. However, since the num-
ber of created particles N/` is of second order in ∆n,
switching dissipation could be more effective.
C. Partner Particles
As is well known, changing the refractive index
n(t) creates photons in pairs with opposite momenta
±k. The relation between photons and their partners
can be observed in the two-point correlation function
〈Aˆ(t, x)Aˆ(t, x′)〉, for example. For times t long after the
switch, one obtains distinctive signatures at distances
|x− x′| = 2t/n+O(τ), see also [34, 60].
In contrast, the partners of photons created by switch-
ing on and off dissipation are not other medium pho-
tons, but excitations of the environment field Φ. This
can already be inferred from the (lowest-order) Bogoli-
ubov transformation (24), see [61]. As another signa-
ture, we find pairs of peaks in the correlation func-
tion 〈Φˆ(t, x, y)Aˆ(t, x′)〉 at distances |y| = t + O(τ) and
|x − x′| = t/n + O(τ), but not (to first order) in the
correlation 〈Aˆ(t, x)Aˆ(t, x′)〉.
Apart from this, there is no first-order imprint in the
two-point function 〈Φˆ(t, x, y)Φˆ(t, x′, y′)〉, which indicates
again that all excitations created in the Φ field have part-
ners in the medium. Therefore, we obtain no pairs of
correlated Φ excitations (to lowest order), in contrast
to another mechanism of quantum radiation studied in
Ref. [53], where both partners eventually escape to a sur-
rounding field.
D. Sudden Switching
Previous works including Refs. [53, 56] have simpli-
fied their analysis by considering scenarios in which the
light-matter coupling is suddenly switched off. This sim-
plification is not necessary in our approach, which al-
lows us to take into account the dependence on the tem-
poral switching function G(t). For a step-like profile
G(t) = G0Θ(−t), our perturbative result (25) yields di-
vergent particle numbers 〈nˆout± (k)〉in for all modes k. This
singularity is caused by an ultra-violet (UV) divergence of
the κ-integration and stems from the idealized interaction
term LΨΦ in our model Lagrangian (1) which has no UV
cutoff and thus couples each mode k of the medium to ar-
bitrarily large wave numbers κ of the environment Φ. By
analytically solving Eq. (17) in case of G(t) = G0Θ(−t)
with constant Ω and g, we have found this result to apply
even beyond the scope of perturbation theory.
VI. CONCLUSIONS
We generalized the well-known Hopfield model involv-
ing the electromagnetic field A and the medium polar-
ization field Ψ by adding an environment field Φ. In this
way, we arrived at a microscopic Lagrangian correspond-
ing to a 1+1 dimensional dielectric medium including
dispersion and dissipation. The model is constructed in
such a way that it allows for the derivation of quantum
electrodynamics in such media without ambiguities and
without resorting to additional assumptions such as the
Markov approximation. Consequently, it naturally ac-
counts for the dynamics in media with time-dependent
backgrounds, which is a major benefit in comparison to
existing models for dissipative dielectrics.
As an exemplary configuration with non-constant pa-
rameters, we considered switching on and off dissipation
and derived the number of created photons in depen-
dence on the temporal switching function G(t) and the
switching time τ . To further illustrate the photon yield
calculated above, let us compare two scenarios: In sce-
nario I, we consider a Lorentzian pulse G(t) of height G0
and width τ within a time-dependent waveguide of length
`. In scenario II, we envision a static waveguide of the
same length ` with constant coupling G0 (see Sec. III A).
Now, if ` (for a given G0) was sufficiently large that typi-
cal photons of frequencies ω = O(1/τ) would be damped
away according to Eqs. (15) and (16) before fully travers-
6ing the static waveguide in scenario II, the corresponding
scenario I (with the same G0) would yield a particle num-
ber of order unity. As we switch dissipation just briefly
to the strength G0, most particles created by the modu-
lation G(t) are not dissipated but should, in principle, be
observable after dissipation has been switched off again.
Thus, the photon yield of a short pulse G(t) could exceed
the quantum radiation generated by a time-dependent re-
fractive index n(t), because variations ∆n(t) are typically
small and yield photon numbers quadratic in ∆n.
Since quantum radiation typically creates particles in
pairs (i.e., a squeezed state), another interesting question
concerns the partner particles of the produced photons.
In contrast to the case of a time-dependent refractive
index n(t) and other scenarios (see, e.g., [53–55]), we find
that the partner particles of photons created by switching
on and off dissipation are (primarily) excitations of the
environment field Φ instead of other photons.
ACKNOWLEDGMENTS
R.S. acknowledges stimulating exchange with Flavien
Gyger. R.S. and S.L. were supported by German Re-
search Foundation, Grant No. 278162697 (SFB 1242).
W.G.U. acknowledges support from the Helmholtz Asso-
ciation, the Humboldt Foundation, the Canadian Insti-
tute for Advanced Research (CIfAR), the Natural Science
and Engineering Research Council of Canada, and the
Hagler Institute for Advanced Research at Texas A&M
University.
[1] V. Weisskopf and E. Wigner, Berechnung der natu¨rlichen
Linienbreite auf Grund der Diracschen Lichttheorie, Z.
Phys. 63, 54 (1930).
[2] H. B. G. Casimir, On the attraction between two per-
fectly conducting plates, Proc. K. Ned. Akad. Wet. 51,
793 (1948).
[3] W. E. Lamb and R. C. Retherford, Fine Structure of the
Hydrogen Atom by a Microwave Method, Phys. Rev. 72,
241 (1947).
[4] R. Karplus, A. Klein, and J. Schwinger, Electrodynamic
Displacement of Atomic Energy Levels. II. Lamb Shift,
Phys. Rev. 86, 288 (1952).
[5] S. W. Hawking, Black hole explosions?, Nature 248, 30
(1974).
[6] S. W. Hawking, Particle creation by black holes, Comm.
Math. Phys 43, 199 (1975).
[7] G. T. Moore, Quantum Theory of the Electromagnetic
Field in a Variable-Length One-Dimensional Cavity, J.
Math. Phys. 11, 2679 (1970).
[8] E. Schro¨dinger, The proper vibrations of the expanding
universe, Physica 6, 899 (1939).
[9] L. Parker, Particle Creation in Expanding Universes,
Phys. Rev. Lett. 21, 562 (1968).
[10] W. G. Unruh, Experimental Black-Hole Evaporation?,
Phys. Rev. Lett. 46, 1351 (1981).
[11] M. Visser, Acoustic black holes: horizons, ergospheres
and Hawking radiation, Class. Quantum Grav. 15, 1767
(1998).
[12] C. Barcelo´, S. Liberati, and M. Visser, Analogue Gravity,
Living Rev. Relativity 14, 3 (2011).
[13] U. Leonhardt, A laboratory analogue of the event horizon
using slow light in an atomic medium, Nature 415, 406
(2002).
[14] W. G. Unruh and R. Schu¨tzhold, On slow light as a black
hole analogue, Phys. Rev. D 68, 024008 (2003).
[15] R. Schu¨tzhold and W. G. Unruh, Hawking Radiation in
an Electromagnetic Waveguide?, Phys. Rev. Lett. 95,
031301 (2005).
[16] T. G. Philbin, C. Kuklewicz, S. Robertson, S. Hill,
F. Ko¨nig, and U. Leonhardt, Fiber-Optical Analog of the
Event Horizon, Science 319, 1367 (2008).
[17] P. D. Nation, M. P. Blencowe, A. J. Rimberg, and
E. Buks, Analogue Hawking Radiation in a dc-SQUID
Array Transmission Line, Phys. Rev. Lett. 103, 087004
(2009).
[18] F. Belgiorno, S. L. Cacciatori, M. Clerici, V. Gorini,
G. Ortenzi, L. Rizzi, E. Rubino, V. G. Sala, and D. Fac-
cio, Hawking Radiation from Ultrashort Laser Pulse Fil-
aments, Phys. Rev. Lett. 105, 203901 (2010).
[19] R. Schu¨tzhold and W. G. Unruh, Comment on ”Hawking
Radiation from Ultrashort Laser Pulse Filaments”, Phys.
Rev. Lett. 107, 149401 (2011).
[20] S. Liberati, A. Prain, and M. Visser, Quantum vac-
uum radiation in optical glass, Phys. Rev. D 85, 084014
(2012).
[21] S. Finazzi and I. Carusotto, Quantum vacuum emission
in a nonlinear optical medium illuminated by a strong
laser pulse, Phys. Rev. A 87, 023803 (2013).
[22] F. Belgiorno, S. L. Cacciatori, and F. Dalla Piazza,
Hawking effect in dielectric media and the Hopfield
model, Phys. Rev. D 91, 124063 (2015).
[23] M. Jacquet and F. Ko¨nig, Quantum vacuum emission
from a refractive-index front, Phys. Rev. A 92, 023851
(2015).
[24] M. F. Linder, R. Schu¨tzhold, and W. G. Unruh, Deriva-
tion of Hawking radiation in dispersive dielectric media,
Phys. Rev. D 93, 104010 (2016).
[25] M. J. Jacquet, Negative Frequency at the Horizon, 1st ed.
(Springer, Cham, Switzerland, 2018).
[26] J. Drori, Y. Rosenberg, D. Bermudez, Y. Silberberg, and
U. Leonhardt, Observation of Stimulated Hawking Ra-
diation in an Optical Analogue, Phys. Rev. Lett. 122,
010404 (2019).
[27] M. J. Jacquet and F. Ko¨nig, Analytical description of
quantum emission in optical analogs to gravity, Phys.
Rev. A 102, 013725 (2020).
[28] J. R. Johansson, G. Johansson, C. M. Wilson, and
F. Nori, Dynamical Casimir Effect in a Superconduct-
ing Coplanar Waveguide, Phys. Rev. Lett. 103, 147003
(2009).
[29] J. R. Johansson, G. Johansson, C. M. Wilson, and
F. Nori, Dynamical Casimir effect in superconducting mi-
crowave circuits, Phys. Rev. A 82, 052509 (2010).
7[30] C. M. Wilson, G. Johansson, A. Pourkabirian,
M. Simoen, J. R. Johansson, T. Duty, F. Nori, and
P. Delsing, Observation of the dynamical Casimir effect
in a superconducting circuit, Nature 479, 376 (2011).
[31] P. La¨hteenma¨ki, G. S. Paraoanu, J. Hassel, and P. Hako-
nen, Dynamical Casimir effect in a Josephson metama-
terial, Proc. Natl. Acad. Sci. U.S.A. 110, 4234 (2013).
[32] N. Westerberg, S. Cacciatori, F. Belgiorno, F. Dalla Pi-
azza, and D. Faccio, Experimental quantum cosmology in
time-dependent optical media, New J. Phys. 16, 075003
(2014).
[33] Z. Tian, J. Jing, and A. Dragan, Analog cosmological
particle generation in a superconducting circuit, Phys.
Rev. D 95, 125003 (2017).
[34] S. Lang and R. Schu¨tzhold, Analog of cosmological par-
ticle creation in electromagnetic waveguides, Phys. Rev.
D 100, 065003 (2019).
[35] F. Belgiorno, S. L. Cacciatori, and F. Dalla Piazza, Per-
turbative photon production in a dispersive medium, Eu-
rop. Phys. J. D 68, 134 (2014).
[36] J. Adamek, D. Campo, J. C. Niemeyer, and R. Parentani,
Inflationary spectra from Lorentz violating dissipative
models, Phys. Rev. D 78, 103507 (2008).
[37] R. Parentani, Confronting the trans-Planckian question
of inflationary cosmology with dissipative effects, Class.
Quantum Grav. 25, 154015 (2008).
[38] S. Robertson and R. Parentani, Hawking radiation in the
presence of high-momentum dissipation, Phys. Rev. D
92, 044043 (2015).
[39] J. J. Hopfield, Theory of the Contribution of Excitons to
the Complex Dielectric Constant of Crystals, Phys. Rev.
112, 1555 (1958).
[40] B. Huttner, J. J. Baumberg, and S. M. Barnett, Canon-
ical Quantization of Light in a Linear Dielectric, Euro-
phys. Lett. 16, 177 (1991).
[41] F. Belgiorno, S. L. Cacciatori, and F. Dalla Piazza, The
Hopfield model revisited: covariance and quantization,
Phys. Scr. 91, 015001 (2016).
[42] T. Gruner and D.-G. Welsch, Correlation of radiation-
field ground-state fluctuations in a dispersive and lossy
dielectric, Phys. Rev. A 51, 3246 (1995).
[43] T. Gruner and D.-G. Welsch, Green-function approach
to the radiation-field quantization for homogeneous and
inhomogeneous Kramers-Kronig dielectrics, Phys. Rev.
A 53, 1818 (1996).
[44] S. Scheel, L. Kno¨ll, and D.-G. Welsch, QED commutation
relations for inhomogeneous Kramers-Kronig dielectrics,
Phys. Rev. A 58, 700 (1998).
[45] S. Scheel and S. Y. Buhmann, Macroscopic Quan-
tum Electrodynamics - Concepts and Applications, Acta
Physica Slovaca 58, 675 (2008).
[46] B. Huttner and S. M. Barnett, Dispersion and Loss in a
Hopfield Dielectric, Europhys. Lett. 18, 487 (1992).
[47] B. Huttner and S. M. Barnett, Quantization of the elec-
tromagnetic field in dielectrics, Phys. Rev. A 46, 4306
(1992).
[48] S. M. Dutra and K. Furuya, Relation between Huttner-
Barnett QED in dielectrics and classical electrodynamics:
Determining the dielectric permittivity, Phys. Rev. A 57,
3050 (1998).
[49] U. Fano, Atomic Theory of Electromagnetic Interactions
in Dense Materials, Phys. Rev. 103, 1202 (1956).
[50] U. Fano, Effects of Configuration Interaction on Intensi-
ties and Phase Shifts, Phys. Rev. 124, 1866 (1961).
[51] M. Rosenau da Costa, A. O. Caldeira, S. M. Dutra, and
H. Westfahl, Exact diagonalization of two quantum mod-
els for the damped harmonic oscillator, Phys. Rev. A 61,
022107 (2000).
[52] L. Kno¨ll and U. Leonhardt, Quantum Optics in Oscillator
Media, J. Mod. Opt. 39, 1253 (1992).
[53] C. Ciuti, G. Bastard, and I. Carusotto, Quantum vac-
uum properties of the intersubband cavity polariton field,
Phys. Rev. B 72, 115303 (2005).
[54] S. De Liberato, C. Ciuti, and I. Carusotto, Quantum
Vacuum Radiation Spectra from a Semiconductor Micro-
cavity with a Time-Modulated Vacuum Rabi Frequency,
Phys. Rev. Lett. 98, 103602 (2007).
[55] A. Auer and G. Burkard, Entangled photons from the
polariton vacuum in a switchable optical cavity, Phys.
Rev. B 85, 235140 (2012).
[56] S. De Liberato, Virtual photons in the ground state of a
dissipative system, Nat. Comm. 8, 1465 (2017).
[57] H. Ibach and H. Lu¨th, Solid-State Physics. An Introduc-
tion to Principles of Materials Science, 3rd ed. (Springer
Berlin Heidelberg, 2003).
[58] Without this linearization, the total number (27) of par-
ticles created in the lower band would diverge after inte-
grating over all k because ω−(k → ±∞) = Ω approaches
a constant value at large k. However, this is just an ar-
tifact of the idealized coupling in Eq. (6) which does not
have a UV cut-off.
[59] D. Faccio, S. Cacciatori, V. Gorini, V. G. Sala, A. Aver-
chi, M. Lotti, A. Kolesik, and J. V. Moloney, Analogue
gravity and ultrashort laser pulse filamentation, Euro-
phys. Lett. 89, 34004 (2010).
[60] A. Prain, S. Fagnocchi, and S. Liberati, Analogue cos-
mological particle creation: Quantum correlations in ex-
panding Bose-Einstein condensates, Phys. Rev. D 82,
105018 (2010).
[61] M. Hotta, R. Schu¨tzhold, and W. G. Unruh, Partner par-
ticles for moving mirror radiation and black hole evapo-
ration, Phys. Rev. D 91, 124060 (2015).
